THE CONSTRUCTION AND PROPERTIES OF ELLIPSOIDAL PROBABILITY
DENSITY FUNCTIONS

GRAHAM L. GILLER

ABSTRACT. A recipe for the construction of a multivariate probability density function
from a normalized symmetric univariate function using a distance metric methodology is
developed. A method to perform multivariate integration in a polar coordinate system in
an arbitary number of dimensions is described. This method is then used to compute a
constant that normalizes the multivariate p.d.f. constructed using the recipe specified here.
The use of the Kolmogorov test, as applied to the univariate distribution of the square of
the metric distance, for distributional identification is described. A summary of the gen-
eral properties of the constructed p.d.f. is given including the computation of: the principal
moments; Mardia’s multivariate kurtosis measure; and, the characteristic and moment gen-
eratic functions. Some elements of maximum likelihood estimation are explored.

1. THE DISTANCE METRIC FORMALISM FOR MULTIVARIATE PROBABILITY
DENSITY FUNCTIONS

1.1. The Uninormal and Multinormal Distributions. The mathematical form of the
Normal probability density function has a number of remarkably useful properties. In par-
ticular, it has a very natural generalization from a univariate form to a multivariate form.
If f(z|u, o) represents the univariate p.d.f.

1 1 /x—p 2
(1 flx|p,0)df = exp—( ) dx,

g

we find that the joint probability for n variables has the form[17]
1 — n
#) fla|p, X)) df = p—>(x—p)' S (@ —p) dz.

n €x
(2m)5 |52 2

It is notable that the functional form of Equation 2 is the same as that of Equation 1,
with the univariate “standardized distance” measure *># replaced by multivariate metric

(x — u)T ¥~ (& — ) and the normalization scale o replaced by the square root of the
determinant of the covariance matrix |X| 3. This form of Equation 2 arises from directly
constructing the multivariate p.d.f.from the combination of univariate functions, according
to the rules of joint probability[14].

1.2. A Method for Generalization from Other Univariate Distributions. Unfortunately,
the majority of univariate densities do not posess this appealing property of the Normal dis-
tribution'. In fact, the choice of “natural” multivariate distributions available to the analyst
is quite constrained. In order to generate a workable family of multivariate distributions,
we therefore choose to follow the suggestion of Equation 1 and Equation 2 by writing the
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IThat the joint distribution of multiple variables has the same functional form as the individual conditional
distributions from which it is built.
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argument of a univariate p.d.f.in terms of a standarized distance measure and then replacing
that measure itself with a multivariate metric.

At this point we will limit our analysis to symmetrical distributions. i.e. Functions for
which we can make the transformation:

3) f@®)de — fll@—p)" 27 (@ - p)}d"e.
Furthermore, for clarity of exposition in the following section, we shall put the multivariate
location term, g, to 0. (This term is trivial to reintroduce by translation.)

Therefore, our procedure to generate a multivariate p.d.f.suitable for study is to take a
parent univariate p.d.f., f(2?), and transform it to the multivariate p.d.f.f(z7 X~ 1z). An
additional normalization term, A, is introduced to restore the normalization of the p.d.f.to
unity”. i.e.

(€)) f(@?)de — Af(x"S 1 x) d .

To establish the value of A, we must perform the integral

5) //Q F@Ts le) d'e

over the region €2 for which the p.d.f. is defined. From experience with the multinormal dis-
tribution, we know that for an infinite domain this integral can be done in polar coordinates[18].
The correlated variables x can easily be transformed into uncorrelated variables f (some-
times called factors or principal components) via an orthogonal transformation f = Rx.
(The required matrix, R, is a rotation into a coordinate system in which the matrix RYRT

is diagonal — i.e. it is the matrix of the eigenvectors of X..) The inverse of such a matrix

is trivially equal to the matrix with each diagonal term replaced by its reciprocal. The
distance metric is then reduced to a scaled sum-of-squares.

noor2
6 Tzfl TA_l _ fiz
© oS A =)

The matrix X is the diagonal matrix (07,05 ...02) of the eigenvalues of 3. For a multi-
normal model, the term o2 represents the variance of factor i.

Transforming into an n-dimensional elliptical polar coordinate system (i.e. one with
one length, r, and n — 1 hyper-angles, 6;) allows the n-dimensional hyper-volume integral
Joe fQ d"x to be replaced with a single distance integral and n — 1 hyper-angle integrals.
As the scaled sum-of-squares has no angular dependence in this coordinate system, the
hyper-angular integrals are trivial and we have reduced the multiple integral of Equation 5
to a single integral.

The following section will discuss the general form of n-dimensional spherical polar
coordinates?, to be used in this discussion.

2. A GENERALIZATION OF SPHERICAL POLAR COORDINATES TO AN ARBITARY
NUMBER OF DIMENSIONS

At a graduate level, the analyst should be very familiar with operations involving inte-
gration in one, two and three dimensions in a number of coordinate systems in addition
to simple cartesian coordinates. However, less of us have any intuition or experience with
generalizing those operations into four, five, or more dimensions in any coordinate system

2The normalization of the original p.d.f.is disrupted by replacing single integrals with multiple integrals in
n-dimensional space.
3The generalization to elliptical polar is trivial.
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other than the cartesian system. In this section we illustrate how to extend “polar” systems
into higher dimensions, and then present a general method for the construction of a “polar”
system in an arbitary number of dimensions.

2.1. The Lower Dimensions. Let us consider the coordinate of a point on a hyper-sphere
in each of 1, 2, 3, 4 and 5 dimensions. A sphere is defined to be the locus of all points at
a given distance from the origin. We will define “distance,” 7, to be the square root of the
sum of the squares of the coordinates (i.e. 72 = Dy x?). Therefore, a “1d” sphere is the
pair of points {+r, —r}; a “2d” sphere is the circle with radius r; a “3d” sphere is a normal
sphere of radius r; and so forth.

In one dimension, there is no difference between the cartesian coordinate (x) and the
polar coordinate (r). In two dimensions, we take the “2” axis to be primary, and define the
angle 6 to be the angle between that axis and the line from the origin to a point on the circle
of radius r. Thus (x,y) — r(cos@,sin ) for § € [0, 2x]. Similarly, in three dimensions,
we take the “z” axis to be principal and project a point on the sphere onto the axis and
onto the z — y plane. In the plane, we reapply the method for two dimensions. This leads
to the familiar expression (z,y, z) — r(sin 6 cos ¢, sin 0 sin ¢, cos ) with 6 € [0, 7] and
¢ €10, 27].

In each higher dimension we follow the same procedure: first project a point on the
sphere onto a primary axis (this gives a “r cos 6” coordinate with § € [0, 7]); then project
the point into the “plane” spanned by the other coordinates (leading to a “r sin 8” factor in
all the other coordinates); then, we apply the result for the n — 1th. dimension and iterate
until the plane we are projecting into is actually a two dimensional plane. This is the sole
angle which does not have a redundancy* and so this final angle is defined on [0, 27].

The results for the first five dimensions are summarized in Table 1, below. In the table,

n Cartesian Polar
T @ )
2 (y, ) 7(sin o, cos @)
3 (y,z,2) r(sin asin 3, sin «a cos 3, cos a)
41 (y,z,z,u) | r(sinasinfsin~y,sinasinfcos-y,sinacos 3, cos o)
5| (y,z,2,u,v) r(sin o sin 3 sin «y sin §, sin asin B sin 7y cos 4,
sin acsin 3 cos v, sin a cos 3, cos )

TABLE 1. Cartesian and Polar Coordinates for 1 to 5 Dimensions

angles are represented by Greek letters and distances by Roman. The ordering of x and
y are reversed to help emphasize the pattern produced by iterative projection into lower
dimensions’. It can be readily verified that the sum of the squares of the coordinates is 1
in each case.

2.2. A General Scheme. From Table 1 we can infer a general scheme for n dimensions.
Let the cartesian coordinates be {z;} ;. Let the polar distance coordinate be r and the

4Angles in [, 27r] can be mapped into angles in [0, 7] by a rotation in the sub-plane about the axis we are
projecting onto.
SFrom this table, it would appear that our conventional assignment of x and y are the wrong way around!
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n — 1 angles be {0;}7=,'. Choosing the primary axis arbitarily to be z,,, we write®

n—1
@) Ty =7 H sin 6;.
i=1

For the remaining coordinates, x; where ¢ > 1, we have

n—i

) ;i =71c080, i1 H sin ;.
Jj=1
The domains of the polar coordinates are:

) re[0,00];0; €[0,7]V1<i<n-—1;6,_1€]0,2n]

2.3. Transformation of the Volume Integral. The transformation of the hyper-volume
integral’, given the coordinate transformation specified by Equation 7 and Equation 8, is
given by Equation 10

I 0o 0o T T 2T n—1
(10) / / d"x = / / / / JInldr db;,
1 =—00 Ty =—00 r=0J61=0 J0>,=0 0 0 | | Zl=11

n—1=

where J,, represents the Jacobian of the transformation. J,, is defined to be the determinant
given by Equation 11.

Owy  Omy | dzy
or 06, 00,1
Ozy  Oz2 | Ox2
(an g w1, 20...2,) | or 06 90, 1
" 6(7", 01,02,...9n_1) :
Ozy  Ozn .. Ozn
or 001 90,1
From our definition of the coordinate transformations, we find:
-1
8%1 j T
12 97 _ 17 sin6, = 22
(12) or H ' r’
=1
and,
-1
ox i
(13) a—gl = rcosb; Hsm€j = 21 cot b;;
K 1
i
for the first row of the determinant, and:
awi s . ZT;
(14) o = cos ;11 H sinf; = 7;
Jj=1
al‘i n—u .
15) AR =1 cosB,_;+1 cosb; H sin @, = x; cot 0;;
J j<:L>—1i+1 k=1
k5
Ly . n—i .
(16) 6971 = —Trsin 9n7i+1 H S Hj = —Z; tan 9n7i+1§
n—i+1|;>1 =1

SWhen the product term Hf: ; appears for k < j we take it’s value to be unity.
TThe argument followed here is well known in the literature. See reference [18], for example.



THE CONSTRUCTION AND PROPERTIES OF ELLIPSOIDAL PROBABILITY DENSITY FUNCTIONS 5

and,

0z
89] i>1

J>n—itl

a7 =05

for the remaining rows. The Jacobian therefore has the value

T
L gicoty  micotfy - xqcotf_s x1cotf, 1
Z2
— T2 cot 01 X9 cot 92 v T2 cot on_g —xo tan Gn—l
3
—  xgcotfy wx3cotly --- —x3tanf,_o 0
r
18  Ju=
T
-4 xrgcotfy x4cotby .- 0
r
T
g, tanb, 0 e 0 0
r

We may take out common factors in each row or column, giving

1 cotf; cotly --- cot 0,,_o cot 0,1
1 cotf; cotly --- cot 0,,_o —tan6,_1
s |1 cotfy cotby --- —tanb, o 0
(19) J, = =1 %i
r 1 cotfy cotby --- 0
1 —tan6, 0 e 0 0

Substuting Equation 7 and Equation 8 into the scale factor of Equation 19, we see that this
term is equal to

n—1 n—1
(20) pnt H sin" "6, H cos 0;.
i=1 i=1

We may now reduce the determinant by using the property of determinants that adding
any multiple of one row to another row leaves the value of the determinant unchanged. In
Equation 19, we successively subtract row k& from row k& — 1 to reduce the determinant as
follows:

2D rowl —row2 = rowl — (0,0,0...0,cotf,_1+tanf,_1)
(22) row2 —row3 = row2 — (0,0,0...cot0,_s+ tanb,_,0)

(23) row(n —2) —row(n —1) = row(n —2) — (0,cotf; +tanb;,0...,0)
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Applying the results of Equation 21 to the determinant of Equation 19 gives the determi-
nant of Equation 24.

0 0 0o --- 0 cot 0,1 +tané,_1
0 0 0 cot 0,,_o + tanb,,_o 0
(24) : : S 0
0 cot#; +tanfy 0 --- :
1 — tan 6, o --- 0 0
Equation 24 evaluates to
n—1 1
25 _—
= };[1 cos 0; sin 0;

Substituting Equation 20 and Equation 25 into Equation 18, we have the final expression
for the Jacobian of this transformation.

n—2
(26) T =" ] sin" 6
=1

We can easily verify that this expression gives the correct result for the well known lower
dimensions: dx — dr; dx dy — rdrdf; and, dx dy dz — r2sin 6 dr df d¢. Note that in
Equation 26, the sine of angles 6; is only ever taken for 1 < ¢+ < m — 2 which is the set
of angles for which 6; € [0, 7]. Therefore, sin 6; is never negative, and the absolute value
|.J.] from Equation 10 can be replaced with just J,, itself.

If we are integrating a function, f(r), which depends solely on the radial distance, r,
in two or more dimensions (n > 1) we see that the angular integrals in Equation 11 are
trivial.

00 n—2 T 27
27 // £r) d"m:/ £(r) rnfldrH/ sin" =1, d@i/ d6,,
Q 0 i1 J0:=0 0, -1=0

The Beta function has the integral representation of Equation 28, below[4].

7T/2 1
(28) / sint !z cos’ Lz dr = 53(%, %) where ®u > 0, Rv > 0.
0
Therefore, the integrals containing sine terms in Equation 27 may be written
T . —i1 ) T n—i
(29) / sin "1 0, df); = B(" g > - ﬂg_ifﬁ.
3 '2) T

Substituting these results into Equation 27, we have

ﬁ77.72 r n—i oS} -
(30) /~~~/Qf(7“2)d"w:2772 HI‘(S‘_}Z)/T_Of(Tg)T Ldr.

i=1

3. THE NORMALIZATION OF A MULTIVARIATE DISTRIBUTION BASED ON A
DISTANCE METRIC TRANSFORMATION OF A UNIVARIATE DISTRIBUTION

In this section, the results of Sections 1 and 2 are combined to yield a full expression for
the normalization constant introduced when we construct a multivariate distribution using
the method presented here.
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3.1. Solution for a General Distribution. We consider a symmetric parent univariate
distribution, normalized over an infinite domain.

(31) /OO F@?) do = 1.

Following Equation 3, we construct a multivariate distribution using the distance metric
and must evaluate the new normalization constant, A.

32) = [ HemwTs e wae,

T1=—00 S =—00

The first step in performing this integral is the simple translation y = & — p. Since the
domain of integration is infinite, and writing A for 1/4, we have

(33) N = .. / f@'sy) d My
Y

Yr1=—00 n=—00

We know from the analysis sketch of Section 1 that this expression should be further re-
duced by diagonalizing the coordinate system through an orthogonal rotation. This leaves
an elliptical polar system which may be transformed into a spherical polar system via sim-
ple scaling operations. Such operations lead to a normalization constant that is proportional
to the square root of the product of the eigenvalues of the matrix .

We require that 3 be a symmetric positive definite matrix. (This is consistent with
the parallel we are drawing with the multinormal distribution, for which ¥ is equal to the
covariance matrix of & and is s.p.d. by definition.) The matrix of eigenvalues of such a
matrix may be factored as A = D? = DDT = DT D, where D is a diagonal matrix with
positive definite elements ¢;. Furthermore, we know that the inverse A\~ = (D?)~! =
(D~1)2 is trivial.

If R is the matrix of eigenvectors of X, then we may define the matrix D by

(34) RTYR = D%
From Equation 34 and the definitions of D and R, it follows that
(35) RT'S™'R= (D12

Therefore, rather than the transformation f = Ry (suggested in Section 1), we shall make
the transformation

(36) g=D"'Ry.

Equation 36 implies that y = RT Dg and y” = g” DR. The distance metric may now be
written
y's 'y = ¢g"DRY'RTDg
= g'"D(R'ER) 'Dg
= ¢'D(D*)'Dg
(37 = 42

Using the transformation of Equation 36, Equation 33 becomes

(38) N = / (g K| d"g.
g

g1=—0o0 n——0Q0
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where K, is the Jacobian

% gyl
9 n
Og1---90) |40 P
g1 Ogn

From Equation 36 we have % = (RTD);j, therefore K,, = |RTD| = |D|.

|D?| = || (from Equation 35), we have |[D| = ||2. Furthermore, since ¥ is s.p.d. by

construction, the determinant of ¥ is positive definite and we may replace | K, | by K, in
Equation 38. We may now make the spherical polar transformation of Section 2, to give

L T(n5)
_ o9 %y} 2

(40) N_2ﬁ2|2|2 H F(nfz#l)

i=1 2 g=0
3.2. Evaluation of the Product Factor. We have shown above that the normalization

. . 1 . . .
factor A is proportional to |%|~2. The full expression, Equation 40, also contains a term
dependent on the precise p.d.f. in use and a term that is the product of a series of ratios of
gamma functions. In this section we will use the known result of Equation 2 to derive a
more compact expression for this factor.
Let us represent this gamma function factor as P,. i.e.

41) H = 73

Equation 40 now becomes

f( %) g"tdy.

(42) N=2x%(S2P, | f(g®)g" "dg.
g=0

For the standardized distribution N (0, 1), we have

(43) f(a*) =
Substituting this into Equation 42 gives
o0
(44) N = \/27r”*1|Z\Pn/ e~29 g1 dg.
0

The integral in this expression is recognized as a representation of the gamma function[5].
Substituting this result into Equation 44 gives an expression for A in terms of || and P,.

(45) N =+/@r)" L8| P,T (g) .

Comparing Equation 2 and Equation 45, we must have

1
(46) PrL = )
(%)
Therefore
27r2 E 3
47) | / flg*) 9" dg.

The normalized univariate p.d.f. f(z?2 ) is renormalized by dividing by this factor when the
distance metric transformation is used to generate a multivariate p.d.f.
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4. A TEST STATISTIC FOR THE IDENTIFICATION OF MULTIVARIATE DISTRIBUTIONS

4.1. Definition. In this section we propose a statistic that may be used to aid testing the
hypothesis that a given dataset is drawn from a multivariate distribution such as one derived
using the methodology outlined in this document.

For univariate distributions, powerful tests for distribution identification can be con-
structed using either the Kolmogorov statistic or a statistics from the Smirnov-Cramér-von
Mises Group[1]. Both of these methods rely on the comparison of the empirical distribu-
tion function (or “order statistics’) with the actual distribution function. This comparison
is well defined in one dimension, but it is problematic to generalize to arbitary numbers of
dimensions. The problems arise from defining the direction in n-space through which one
travels to define the order statistic. Another way of stating this is that no simple analog of
the transformation to convert an arbitary univariate distribution into a uniform distribution
may be defined for a multivariate distribution. Some authors[3] have suggested examining
every possible ordering of the transformation to uniformity; however, for n dimensions
there are n! such orderings and the procedure clearly can only be performed for n of order
2 to 4. Problems involving 20 or more dimensions are out of the question!

Therefore, we propose using the Kolmogorov test on the distance metric itself. This test
has the advantages that it is easy to define, understand, and execute. It has the drawback
that it is not the most powerful test we could define (for example, it is possible that the
conditional distribution of variable x; has excess kurtosis and that the conditional distribu-
tion of variable x; has insufficient kurtosis in such a way that when they are combined in
the distance metric this effect is exactly cancelled and the test proposed has zero power to
identify such a defect).

Define 92 as the value of the distance metric, and the density function and distribution
function of g2 as f’(g?) and F’(g?) respectively. The probability that g < G2, where G
is a particular sample value of the distance metric, is equal to the probability that x lies
within the region ()¢ defined to be the hypervolume enclosed by the hyperellipsoidal shell
parameterized by particular value of the distance metric. i.e.

(48) F'(G?) =Pr(¢g? < G*) = Pr(z € Q¢) where G? = (x — u)T'S 7 (x — p)

Therefore

(49) F(E) = [ Afl@-wE @ - ) d'e.
Qg

Applying the results of Section 3, we have

G
o f(g?) 9" dg
(50) F'(G?) = f-‘{;o — .
[0 f(g?) gt dg
4.2. An Example: The Multinormal Statistic. To illustrate the use of the statistic, we

will evaluate its p.d.f. for the case of the multinormal distribution. Using Equation 43 to
define the univariate p.d.f, we have

¢ 4o Wy (29 .
5D / e 29 gnldg =221 / e %u? " du.
g=0 u=0

This integral is the “lower” incomplete gamma function[6], y(+). Therefore

n 172
(52) F'(G?) = W(QF’(EI? )
2
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For an integral argument, n, the incomplete gamma function has the simple series expansion[6]:

n—1 Z‘k
(53) y(n,z) =T(n) <1 —e " Z k') .

k=0
For an even number of dimensions, n € {2,4,6. ..}, we have
571 ok
12y -ig? G
(54) F'(GH=1-e2 ZQk—k'
k=0
The density f’(G?) is given by
dF'(G?) 1 0y(%,iG?)
55 "G2) — _ 272
(>3) &) =—1 =t oc

The derivative of v(c, x) w.r.t. z is z*~1e~®[7]. Using this result, Equation 55 becomes

1 n 1
6o IO =gy
2

(where we have written z for G2). This is, of course, the well known x? distribution for n
degrees of freedom[19]. It has the mean n and variance 2n.
5. MEASURES OF LOCATION, DISPERSION AND SHAPE FOR MULTIVARIATE
DISTRIBUTIONS WITH ELLIPSOIDAL SYMMETRY

5.1. The Population Mean, Mode and Median. The population mean and mode are the
simplest measures of location to define. The mean is given by

(57 Em:A/~~/wf{(w—u)TEfl(m—u)}d"w.
Q
Using the transformations discussed above, we may write Equation 57 as
(58) Ex = u+ARTD\D\/~~/ gf(g*)d"g.
Q

The integral on the r.h.s. of Equation 58 clearly vanishes by virtue of our definition of
f(g?), leaving the simple result Ex = p.
The population mode is the most likely value of the coordinate vector z. i.e.

(59) m = arg max f{(z — p)"E 7 (& — p)}.
xEeQ

If the p.d.f. is differentiable everywhere, then m is a solution of

60) Vi{(x—p)'S e —p)}= 3—‘2 Vz=0wherez = (z — p)' X7z — p).
z is clearly minimized at « = p. If f is a monotonic decreasing function of z, then the
p.d.f. will be unimodal with m = u. If f is a monotonic increasing function of z, for
a finite domain (2, then m must be a region of the surface S bounding 2. If f is not a
monotonic function then m is any point on the elliptical shell z = 2y where 2 is the
global maximum of f(z) within (2.

The median, M, of a continuous univariate p.d.f. may be defined to be the solution of
the equation

©1) [ Z (@) do = /MOO () da.
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For a multivariate p.d.f, we may similarly define the median to be the surface S, that
divides the domain into two distinct sets of regions 2y = U;{21; and Q25 = U;Q9;. (Note
that Sy is not necessarily simply connected.) Sy; must satisfy

(62) / [ 10 / R

There is clearly no unique solution to this equation in terms of Sj; when n > 1; how-
ever, a choice that makes sense for unimodal distributions is the ellipsoidal shell Sy, en-
closing the region 25, centered on p. M? is defined by Equation 48 and its particular
value is chosen to satisfy Equation 62 with 1 = Q3 (and 25 its complement).

Using the ellipsoidal symmetry of a multivariate p.d.f. constructed using the methodol-
ogy presented here, Equation 62 then becomes

M e’}
(63) / Of(gz)g”’ldg:/ f(g*) g" " dg.
o

g=M

5.2. The Population Covariance Matrix. Let V' be the population covariance matrix for
our constructed multivariate p.d.f.Using the notation developed above, we may write the
17th. element of this matrix as

(64) Vij =«4/~-~/Qyiyjf(yTE‘1y) d™y

Using the transformation of Equation 36, Equation 64 may be written

(65) Vij = AlD| Z Ry DiiRyyj Dpg - / 91941 (9%) d"g.
g

klpq g1=—00 gn=—00

Due to the symmetry of f(g?), the integral in Equation 65 may be written

/ / 09,0V d'g = G / / R2f () dg
g1=—oc0 gn=—00 g1=—o0 gn=—00
5 o0 oo
— ﬁ/ / ng(gz)dng
g1=—00 gn=—00

n
(66) _ 2”25“1 / F(g?) g™ dg.

Here 6,4 is the Kronecker delta. (Note that the final step in Equation 66 is a transformation
to a polar integral. This introduces the 7%/ and gamma function terms.) Substituting this
expression into Equation 65 and summing over the index ¢, gives

213 A|D o
(67) Vij = % > RuiDyiRy; Dy / fg*) g™ dg.

From Equation 34, we see that the summation in Equation 67 is equal to ¥;;. After Sub-
stituting the value of A from Equation 47, we have

ij ngiO f(92) gn+1 dg
no [ f(g?) gntdg

The covariance matrix for the constructed distribution is seen to be proportional to the
matrix used to define the metric distance. Obviously, this factor can be eliminated by
rescaling the matrix . When a metric distance is defined with the covariance matrix itself,

(68) Vij =
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then this distance is referred to as the Mahalanobis distance®[11], A% (z, p). Equation 68
shows that the metric distance defined here is always proportional to the Mahalanobis
distance between the random vector x and its expectation.

For the multinormal distribution, the ratio of integrals in Equation 68 is equal to n and
so, for this distribution, we have the required result that V' = 3.

5.3. Measures of Distributional Shape. In additional to the location and width of a dis-
tribution, we are interested in characterising the dispersion of probability density between
distributions after standardizing with respect to these two factors. For univariate distribu-
tions this is commonly done using the skew and kurtosis parameters, which are computed
from the third and fourth central moments of the p.d.f, respectively.

Pearson proposed the ratio of the distance from the mean to the mode in units of the
population standard deviation[15] as a measure of the asymmetry of a p.d.f.A multivari-
ate extension of this concept would be a vector proportional to the Mahanalobis distance
between the mean and the mode and directed parallel to that vector. e.g.

s — M( —m).

Ap (l'l’ ) m)
(In the case of a multimodal p.d.f, it would make sense to average this quantity over all
of the modes.) Mardia[12] defines an alternate measure based upon multivariate gener-
alizations of the 31 and (3> parameters that arise in discussion of the Pearson System of
distributions[16]. Mardia’s skewness is
(70) B = E{(x — )"V (y - w),
where « and y are i.i.d. with covariance matrix V. Both of these measures vanish in the
case of ellipsoidal symmetry.

The role of the kurtosis measure is to parameterize the way in which the probability
density is spread within the domain of definition of the p.d.f.The (32 parameter, defined to
be the ratio of the fourth central moment to the square of the second central moment[15],
is generally taken to be indicative of this spread (often “standardized” to relative to the
Normal by subtracting 3). Many univariate distributions with positive kurtosis exhibit
a functional form with a sharper peak at the mean and with heavy tails. Those with a
negative kurtosis exhibit a broad flat shape near the mean and light tails’. Mardia defines
the measure

(71) Pom =E{(x — )"V (z — )},
as a multivariate generalization of the kurtosis parameter. If we write the constant of pro-
portionality from Equation 68 as 1/, then we have (3s,, = £2Eg*.

In Section 4.1 we obtained an expression for the c.d.f. of the metric distance. Using the
z variable defined above, Equation 50 can be written

1 [y flu)uE T du
2 [y flg®)gntdg
Differentiating w.r.t. z gives the p.d.f. of z:

(69)

(72) F'(2)

[() 25

, 1
7 F=3 I f(g?) gntdg

8The subscript V indicates that the distance is calculated using the matrix V ~1.
9Although there are many counter examples to this generalization within the literature, it is a useful descrip-
tion of these functional shapes.
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Evaluating E2% = f > 22 f’ (2) dz, and transforming back to the g variable, gives

(74) E . fO n+3 dg N ﬁQn 2]‘0 n+3 dg fO n 1dg

1
fO g™ ldg { fO gntl dg}
As in Section 5.2, this expression has a particularly 51mple form for multinormal distri-
bution. In this case, we have ﬂé\[n = n(n+2). (Note that, for the univariate case, ,Gé\” 1= 3).
We may also define a multivariate generalization of the excess kurtosis as (33 ,, — ﬂé\[n

5.4. Invariance Under Affine Transformations. An Affine transformation is one of the
form x — Ax 4+ b where A is a non-singular matrix and b is a vector. The Mahanalobis
distance is invariant under an Affine transformation, i.e.

= Az+b
(75) (' =)' a2 —p) = (& — )" x — p)where{ ¢/ = Ap+b.
Y = AxAT

The normalized elemental volume is also invariant under the associated transformation of
the matrix X, i.e. d"a/|X|Y? = d"a'/|X|V2.

Any p.d.f. constructed in the manner described above'® may be written in the form:
f{Ax(z, p)} d*x/|X| V2. It follows that any such distribution is invariant under an Affine
transformation. i.e. dF (z'|p',¥') = dF(x|p,Y), meaning that if @ is drawn from some
particular p.d.f, then &’ will also be drawn from that same p.d.f. (albeit with transformed
parameters). Furthermore, it is also clearly true that any statistic which is a function of the
Manalobis distance is also invariant under an Affine transformation.

6. THE CHARACTERISTIC FUNCTION AND THE MOMENT GENERATING FUNCTION

6.1. The Characteristic Function. A function derived from a multivariate density that
has many useful applications is the characteristic function, ¢(k) = Ee*®. For a general
p.d.f, defined as above, we have

76)  o(k) = A o / R (@ —p)'E (@ - p)}d e
Making same change of variables as previously, we may write Equation 76 as

"’ / ek R Daf () d'g.

1=—00 n=

o0

(77) o(k) = A[S|ze*n /
g

It is a well known result that the n-dimensional Fourier Transform of a radial function
is equivalent to a one dimensional Hankel Transform[10]. For space-vector  and wave-
vector y, the result is

(78)

Flul( / / Yy (z)die = y' 2 / u(z)Jn _(xy) 2 da,
277 2 x 2, =0 =0 2
where J,,(x) is the Bessel function of the first kind, Fu](-) is the Fourier Transform of

u(-),and z = VaTx and y = \/yTy. Clearly
(79) o(k) = (2m)E A[S| 2™ H F(f](DRE).

101 fact, any p.d.f. with ellipsoidal symmetry.
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Let s = DRk = s> = s's = k" RTD?Rk = A%_, (k,0). Substituting this value into
Equation 79 gives

g 2 2 [ F(92) T2 —1{gAs-1(k,0)} g% dg
80 (k) = T (5 ){Az 2 )} 0 i Sr=ry .

6.2. The Moment Generating Function. Another useful function is the moment gen-
erating function, defined to be Ee~*®_ This is clearly given by the characteristic func-
tion evaluated for a purely imaginary argument, k. We recognize it as the Bilateral
Laplace Transformation. Making the substitution k — ik in Equation 80, and using

AM(Zm7Zy) = iAN[(wvy)3 gives
_ ok 2 S Iﬂ—l{gﬁz 1(k,0)} g% dg
1) (k) = o (2 ){AE = 0)} T .

where I,,(x) = i~ J,(iz) is the modified Bessel function of the first kind.

In making the transformation above we have glossed over the convergence criteria for
the upper integral. In the direction —p the transform kernel is diverging exponentially and
so the p.d.f. must converge faster than this and in the direction p the kernal is converging
exponentially and so the p.d.f. cannot diverge faster than this. If these criteria are not met,
the m.g.f. will not exist, although the c.f. may.

However, in view of the formula above, we can directly specify the convergence criteria
in terms of the g variable alone. From the series expansion of I, (x)[8] we see that all

the functions of half integral order converge at the origin, except for the function /_;/5(x)
—1/2

which diverges as z and this divergence is cancelled by the 2/2 term in the corre-
sponding integrand. For large x the all of the functions converge to e*/+/27a and therefore
they diverge slower than exponentially.

6.3. The Roots of the Gradient of the Moment Generating Function. In some circum-
stances (e.g. asset allocation problems) it is useful to evaluate the roots of the gradient of
the m.g.f. Removing all of the extraneous scale factors and writing A(k) for Ax-1(k, 0),
we may define a modified m.g.f. as

(82) b (k) = e R {A(R)}F / F(6A) T2 1 {gA ()} g% dg.

Let Vg be the vector with components 9/0k;. When taking the gradient of Equation 82,
we note that the symmetry of ¥ means that Vi A(k) = Xk/A(k).

Solving for the roots of the gradient of +(-), we find that the solution may be written
(83) kY2 {A(k)} =2y,

where ¥, (z) is a scalar function. This shows that, when ¥(-) is convergent, the root is
always in the direction ¥~ 1k. When ¥(-) diverges for finite k the root is at the origin. The
function ¥, () from Equation 83 is defined to be

1fy° f(g9) T (gx) g+ dg
z [ fg2)T-1(gz) g” dg

for non-negative x and v > 1/2. If Equation 83 has a non-trivial root, it is simple to show
that the value of A(k) at the root is the solution to

(84) v, (x) =

(85) rV¥n(r) =/ pTS1p
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6.4. Example: The Multinormal Solution. For the multinormal distribution the integral
of Equation 82 is well known'! and is independent of n.

1 T, 1T
(86) k) = —==e k #iak 2k
vik) =
For this p.d.f, the ¥(-) function is identically equal to unity and the root of the gradient of
() is always k = X~ . Therefore the function W(-) can be thought of a factor scaling
the solution for the normal distribution in a manner controlled by the actual distribution in
use.

7. MAXIMUM LIKELIHOOD ESTIMATION

In this section we will derive an expression for the maximum likelihood estimator of u,
written ft, and that of X, written 3. Let the multivariate p.d.f. under study be parameterized
by the set { g, 3, 8}. The vector 0 represents all distributional parameters not specified by
1 and X and is not to be interpreted as a vector within the coordinate space that defines p
and X..

Let {z;}¥, be a set of N observations drawn from a p.d.f. with ellipsoidal symmetry.
The probability density associated with observation ¢ may be written

®7)  dF(m;) = A(%,0)f(g7,0) d"x; where g} = (@; — p)" S~ (i — p).
Therefore, the log-likelihood for the entire sample, {x;}, is

N
(88) L(p,%,0) = NIn A(S,0) + > _In f(g7,0).

i=1

7.1. The Maximum Likelihood Estimator of the Population Mean. The maximum
likelihood estimator of p is defined to be the value of p that maximizes Equation 88. If
the first derivative of the log-likelihood is continuous everywhere within the region where
the p.d.f. is defined, then this is equal to the root of V,, L(u, X, 0). (V, is the vector with
components 9/Jp;.) The gradient of the log-likelihood is

N
(89) VuL=> V.Inf(g;,6 Z f V.92,
=1

where f’(-) is the first derivative of f(-) w.r.t. g7. Since ¥ is symmetric by definition, we
have Vg7 = 2%~ (pu — ;). Substituing this result into Equation 89 gives

g2
(90) VHL:2E‘1{ Zf ; Zf ; }
Therefore, the maximum likelihood estimator f& is the solution to
o wy T s L
77

This expression clearly shows that the maximum likelihood estimator of the population
mean is a “weighted mean” of the sample vectors.

Uy fact, for this case, the Fourier Transform is straightforward in Cartesian coordinates.
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7.2. The Sample Mean Differential Equation. If the function f(-) satisfies the partial
differential equation:

U0 _ piz.0pno)

where h(0) is an unknown function that is not dependent on @;, p or X, then the ratio
f'(-)/ f(-) is invariant under the sums of Equation 91. Under these conditions, the root of
Equation 91 is

92)

1 N
(93) u:ﬁ;mi.

So for a p.d.f. that satisfies Equation 92, the maximum likelihood estimator of the popula-
tion mean is the sample mean.

7.3. A General Solution to the Sample Mean Differential Equation. Let f(z, 0) have
the form a(8)e?(*9). Then differentiating w.r.t. z gives
0f(z,0) 0b(z,0)

Comparing this expression with Equation 92 shows that the function b(-) must be linear in
z. i.e. that b(z,0) = h(0)z + ¢(0). Absorbing the constant of partial integration, ¢(0),
into the definition of the function a(@), leads to the following general solution to the p.d.e.
of Equation 92:

(95) f(2,0) = a(0)e"®)=.

Our definition of f(z?2, ) as a univariate probability density function imposes the con-
straint that

™

° —h(0
(96) / f(22,0)de =1= f(2,0) = —h(6) ne)-,
For convergence of the normalization integral in Equation 96, h(6) must be everywhere
real and negative. Clearly a particular solution to Equation 92 is
1

(97) o) = -5 = f@a*) =

7.4. The Maximum Likelihood Estimator of the Covariance Parameter. As in Sec-
tion 7.1, the maximum likelihood estimator of the covariance parameter, 3 is defined to be
the root of Vx L(p, X, 0), where V; is the matrix with elements 9/0%;;.

Using Equation 47, we see that Equation 88 may be written

N
N

(98) L(p.$,0) = NInB(6) — - || + > Inf(g},0).

1=1
Therefore

N
f/(9270) 2 1
L= 1202 g2 - _NVgh|3)|.

(99) Vs ; F20) V29 N VeIl

Now, Jacobi’s formula for the derivative of the determinant of an invertible matrix is
d|A] = |Altr(A~1dA), so for a symmetric invertible matrix we have the remarkably
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compact result V4 In|A| = A=, Additionally, dA~! = —A~1dA A=, which gives the
result V4 (a” A~'b) = —A~'ab” A~'. Using these expressions in Equation 99, gives

(100) iz——zf gg z; — p)(@; — p)"

For the special case of the multlnormal distribution, the we see that this becomes the fa-
miliar result

1
(101) V= ;(w — ) (i — )7

7.5. The Maximum Likelihood Estimator of the Distributional Parameters. Finally,
we define the maximum likelihood estimator of the additional distributional parameter set,
0, as the root of Vo L(u, ¥, 0). Differentiating Equation 98, we see that 6 is the solution
of

V Vef 927
102 =
(102 ( N Z f(gz.0

8. THE SIMULATION OF MULTIVARIATE DISTRIBUTIONS

Analysis of the results of Monte-Carlo simulation of data drawn from a given p.d.f. is
a powerful technique in applied probability and statistics. In this section we will briefly
consider a method that may be used to generate a distribution with ellipsoidal symmetry.

8.1. General Methodology. For the ellipsoidal distributions discussed here, this simula-
tion is a relatively straightforward procedure. We may follow the procedure of Marsaglia[13]
to pick points uniformly distributed on a hypersphere in n-space. Remarkably, this proce-
dure is to simply pick a vector }' ~ N(0,1,) and then normalize the vector to unity i.e.
g=17 /| i | is uniformly distributed on the surface of an (n — 1)-sphere. To generate a vec-
tor with the appropriate covariance matrix we reverse the transformation of Equation 36 to
generate the hyperellipsoid = R” Dg. Since the radial and angular motions are indepen-
dent for an ellipsoidal variate, a vector drawn from the full p.d.f. may then be computed
as

(103) x =p+ R"Dyg,

where ¢ is a scale factor drawn from the p.d.f. of the Mahanalobis distance Ay, .

The distribution of F”/(G) = Pr(g < G) represents the probability that a random vector
g lies within the volume enclosed by a hyperspherical shell, ()¢, with radius G. Since the
radius of a sphere is non-negative by definition we see that Pr(g < G) = Pr(¢? <
G?). This latter expression has already been evaluated in general in connection with the
Kolmogorov statistic of Section 4.1. Hence, we have

ng:() f(g®)g" " dg £(G?) Gr—1
Ild 1 G — )
fgoio f(g?)gn—tdg and f*(G) fgoio F(g2) g Ldg

(The expression for the density has been obtained by differentiating the p.d.f. w.r.t. the
upper limit of the integral in the numerator.) Once the univariate distribution is known it is
a simple matter to generate a variate with the associated univariate density by the standard
technique of drawing v from the uniform distribution U (0, 1) and solving F"'(g) = u for

g.

(104) F"(G) =
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8.2. An Example: Generation of Multinormal Variates. To give a verifiable example
of the method we will evaluate the p.d.f. f”(G) for the multinormal case'?. Substituting
flg?) = 6_%92/ V27 into Equation 104, it is straightforward to demonstrate that

1 1.2

105 "g) = g te 29,
(105) f"(9) 2511

This is recognizable as the density for the yx,, distribution, which is the distribution of the

square root of a x?2 variate[2]. This is clearly the definition of the normalization factor

removed in Section 8.1, on the preceding page. For the univariate case it is trivial to verify

that this identical to the p.d.f. of |z| where z ~ N (0, 1).
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